-

Simple mathematics of QPOs

Marek Abramowicz
Omer Blaes, Jiri Horadk, Wiodek Kluzniak,

Paola Rebusco, and Eva Sramkova



L agrangian method
e

ulerian and Lagrangian perturbations,
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Perturbative expansion

Expansion of the Lagrangian density, £ ~ ¢”

L = L(O) T L(l) T £<2) T £<3) T £<4) + £(5) 4 0(56)7

D%; 1
ng 5 (v = 1)Vi(pVig")

_% Vi(pVi€") + £ ViVi® = a;(¢)

® LHS — Linear terms
® RHS — Nonlinear accelerations
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Linear Modes

Solution of the linear problem:

E(x,t) = &(x) exp [iwt]

Eigenfunctions & _(x) form (non)orthogonal basis with
respect to the scalar product,

(6,6} = /V o€ - €V

General perturbation (solution of the nonlinear
equation) can be expressed

E(m,t) =Y calt)(m) + a(t)E, ()

8%
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Non-linear oscillators

-

Governing equation for ¢, ()

dc , 1
— 2 WGy = — (&, a)

dt ba

or with ¢, = —iw? X, + 6 X, one gets for o = U, D,

Xu + (W)’ Xy = Fu(Xu, Xv, X1, X1),
Xp + (W)X = Fr(Xy, Xy, X1, XL).

l.e. equations for coupled nonlinear oscillators.
Rebusco and Horak (multiple scales method).
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Main results

-

[1] Frequencies depend on amplitudes:

0 0 2 2 3
Vy = VU+VU(OUUO‘U+CUDCVD)+O (O‘)a

0 0 2 2 3
Vp = VD+VD(ODUO‘U+ODDCVD) _I_O (CV)

[2] Energy of oscillation is constant:

& = o + Ka4) = constant + O%(a),
o

af = s&, o = (1 —S)E

[2] — [3] Amplitudes are (anti)correlated.
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Correlation of frequencies
- -

he amplitudes are correlated also when,

£ =8+ AE(s),

or when the energy is a slowly varying function of s, or
when there is any physical connection between excitation
and damping. From the correlation of amplitudes [2], and
from the frequency-amplitude depenence [1], the
correlation of frequencies follows,

vy =10 4+ F(s), vp =12+ G(s).

Functions F'(s) and G(s) are known for a given system.
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TheBursaline
r

or a weak non-linearity and a weak coupling,

F=Fs+0(s%), G=Gs+0(s).
We define,

X=G/F, A=X, B=12—X.°

and get from this simple mathematics the Bursa line:

vy = Avp + B,
l.e. a linear frequency-frequency correlation.

.

|

Mathematics of QPOs — p. 8/19



Thedopesof Bursalines
E

ake a conservative system as an example.

A= Yp 1= 1,
Y (Cpy — Cpp/K) 7

B = —Aug (1 —I—SCDD//C) —I—VIOJ (1 —|—<€CUD//C).

Note: I" # 1 — slopes of Bursa lines differ from 3/2 by a finite
amount.
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Bursalinesfor six neutron stars (0)
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Bursalinesfor six neutron stars (1)
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Bursalinesfor six neutron stars (2)
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Bursalinesfor six neutron stars (3)
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Bursalinesfor six neutron stars (4)
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Bursalinesfor six neutron stars (5)
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Bursalinesfor six neutron stars (6)
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Bursa lines for black holes
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The A-B anti-correlation
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The Atol and Z sources
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